We derive a dual holographic Einstein-Maxwell theory, applying renormalization group transformations to interacting Dirac fermions in a recursive way. In particular, we show how both dynamical metric-tensor and U(1) gauge fields appear to describe the renormalization group flows of coupling functions and order parameter fields of the corresponding quantum field theory along the direction of the emergent extra dimension, respectively. Finally, we propose a prescription on how to calculate correlation functions in a non-perturbative way, where quantum fluctuations of both metric and gauge fields are frozen to cause a classical field theory of the Einstein-Maxwell type in the large N limit. Here, N is the flavor degeneracy of Dirac fermions. This prescription turns out to coincide with that of the holographic duality conjecture.
I. INTRODUCTION
Quasiparticles are fundamental building blocks for the perturbative theoretical framework. Their existence is allowed by sufficient number of emergent symmetries and protected from decaying into bunch of quasiparticlequasihole excitations as long as such emergent symmetries are preserved. However, strong correlations between quasiparticles can arise through renormalization group flows. These effective interactions may give rise to predominantly fast relaxation and result in local equilibrium through transferring their energies into each other and mixing good quantum numbers between them. As a result, only minimal number of symmetries are preserved and dynamics of these non-quasiparticle systems are described by remaining conserved currents such as charge (particle number), momentum, and energy [1] [2] [3] [4] .
Recently, this effective hydrodynamics has been observed in the system of quasi two-dimensional Dirac fermions [5] [6] [7] . More concretely, experiments measured typical hydrodynamic behaviors such as negative longitudinal resistivity, violation of the Wiedemann-Franz law, and fluid viscosity, respectively, in the hydrodynamic regime. In spite of these clear features on effective hydrodynamics, we would like to point out that the physical origin is not completely clarified. More precisely, it is not clear how the relaxation rate due to inelastic collisions between electrons prevails over either that between electrons and phonons or the elastic scattering rate between electrons and nonmagnetic impurities, responsible for such emergent hydrodynamic phenomena. One has to investigate the renormalization group flows of these three time scales in a self-consistent way. However, validity of the renormalization group analysis may be beyond the perturbative regime.
Besides possible phenomenological approaches for effective hydrodynamics, where transport coefficients are taken to be fitting parameters for experiments [8] , it is natural to consider the dual holographic approach as a non-perturbative theoretical framework [9] [10] [11] [12] [13] [14] [15] . The holographic dual description gives rise to effective hydrodynamic phenomena in D spacetime dimensions, formulated as an effective classical field theory on an emergent curved spacetime in D + 1 dimensions and regarded to be dual to strongly coupled quantum field theories in D spacetime dimensions. For example [16] , solving the Maxwell equation coupled to the Einstein equation, referred to as Einstein-Maxwell theory in the holographic duality conjecture, those classical solutions describe not only diffusive dynamics in transverse modes but also sound dynamics in longitudinal modes as those modes in the hydrodynamics [1] [2] [3] [4] . In particular, the effective hydrodynamics in the holographic approach turns out to give a universally small value of the η/s ratio, where η is shear viscosity and s is entropy [4] . One may call this emergent fluid holographic liquid. This holographic-liquid description could explain the violation of the Wiedemann-Franz law in graphene rather remarkably, which fits both electrical and thermal transport coefficients near the charge-neutral point in the regime of intermediate temperatures based on two fitting parameters [17] .
In the present study, we propose how to derive the holographic-liquid dual description, more precisely, an effective Einstein-Maxwell theory from an effective quantum field theory of interacting Dirac fermions. We take Wilsonian renormalization group transformations [18] recursively not in momentum space but in real space a la Polchinski [19] , developed by Sung-Sik Lee in his emergent holographic construction [20] [21] [22] . In particular, we show that both background static metric and U(1) electromagnetic gauge fields turn into dynamical quantum objects through the evolution along the emergent extra dimension, where the infinitesimal distance in the extra dimensional space is identified with an energy scale for renormalization group transformations. In other words, global symmetries are uplifted into gauge symmetries through this extra dimension. It turns out that quantum fluctuations of both metric and gauge fields are frozen to cause a classical field theory of the Einstein-Maxwell type in the large N limit, where N is the flavor degeneracy of Dirac fermions. We claim that the Einstein equation describe the renormalization group flows of coupling functions along the extra dimension in the corresponding quantum field theory, which implies that Einstein equations may be decomposed into renormalization group β−functions [23] [24] [25] . On the other hand, we point out that the Maxwell equation gives the evolution of the U(1) conserved current along the extra dimension, which may be identified with the Callan-Symanzik equation of an order parameter field in the dual description. Finally, we propose a prescription on how to calculate correlation functions in a non-perturbative way [26] , solving coupled differential equations of the Einstein-Maxwell theory with boundary conditions. This prescription coincides with that of the dual holographic description [9] [10] [11] [12] [13] [14] [15] .
II. EFFECTIVE GEOMETRIC DESCRIPTION FOR A FREE DIRAC THEORY
A. Free Dirac theory in a static background metric and an external U(1) electromagnetic gauge field
We first consider a free Dirac theory in a static background metric and an external U(1) electromagnetic gauge field [27] 
Here, ψ α is a Dirac spinor at x in D spacetime dimensions. α runs from 1 to N , denoting the flavor degeneracy of Dirac fermions. γ a is a Dirac γ matrix, defined in a local rest frame at x and satisfying the Clifford algebra {γ a , γ b } = 2δ ab with the Euclidean signature.ẽ µ a defines the local rest frame given by the tangent manifold at x, called vierbein. The corresponding background metric is given by the vierbein as followsg µν = e a µẽ b ν δ ab . A µ is an external electromagnetic U(1) gauge field and e ψ is a unit electromagnetic charge of ψ α . We reformulate the above expression as follows
Here, e µ a is a dynamically introduced vierbein and its dual tensor field θ a µ is a Lagrange multiplier field to impose the constraint given by δ(e µ a −ẽ µ a ). a µ is also a dynamically introduced U(1) gauge field and its dual current field j µ is a Lagrange multiplier field to impose the constraint given by δ(a µ − A µ ). Frankly speaking, this reformulation is not meaningful at this stage. It turns out that both metric tensor and U(1) gauge fields become fully dynamical when their corresponding interactions are taken into account. After renormalization group transformations are performed in the presence of correlations, evolution equations for both dynamical metric and U(1) gauge fields appear. We will argue that the evolution equations of the vierbeins describe renormalization group flows of coupling constants [23] [24] [25] such as e ψ and m while those of the U(1) gauge fields express Callan-Symanzik equations of U(1) currents in the dual description [24] [25] [26] .
C. Real space renormalization group transformation a la Polchinski
We perform a renormalization group transformation in real space a la Polchinski [19] , further developed by Sung-Sik Lee in his emergent holographic construction [20] [21] [22] . We introduce an auxiliary Dirac spinor Φ α with its mass M as follows
We emphasize that the introduction of the auxiliary Dirac spinor in this way does not alter the original physics at all except for the normalization constant in the partition function, here omitted for simplicity. Now, we decompose these Dirac spinor fields in the following way
ψ α is a Dirac spinor field with a light mass and Ψ α is that with a heavy mass, to be discussed below in more details. Two positive coefficients of c ψ and c Ψ are determined by the fact that all mixing terms between ψ α and Ψ α do not appear in the two mass terms. In other words, taking these two coefficients in the following way
we rewrite the mass terms with light and heavy Dirac spinor fields as
Here, the heavy mass µ is given by
where dz is an infinitesimal parameter and α is a local speed of coarse graining, both of which control the path integral for heavy Dirac spinor fields. Taking rescaling of both Dirac spinor fields to return the above mass terms into the almost original expression as follows
we finish our setup for a renormalization group transformation, given by
It is straightforward to perform the Gaussian integral for heavy Dirac spinor fields formally and find the following partition function
Here, S (0) ψ is a free Dirac theory with background metric and U(1) gauge fields in the presence of rescaling, given by
∆S ψ is a correction from the Gaussian integral for heavy Dirac spinor fields, which serves as renormalization for the kinetic-energy term of the Dirac spinor field, clarified below and given by
The second line expresses the Green's function of heavy Dirac spinor fields. We point out that this correction is nonlocal in nature, clarified in the subscripts x and x ′ . However, the heavy-mass nature given by µ x ∼ (2α x dz) −1 allows us to perform the gradient expansion, where the propagator is exponentially decaying. Below, we revisit this issue for renormalization of the kinetic-energy term. S (0) Ψ serves as vacuum energy from fluctuating heavy Dirac spinor fields, given by
We point out that the following gauge transformation
has been performed before the Gaussian integral for heavy Dirac spinor fields.
To simplify further calculations, we choose the local speed of coarse graining as follows
Physically, this gauge choice implies that the mass of heavy Dirac spinor fields is uniform in spacetime and the renormalization group transformation is performed with the same rate independent of spacetime. This gauge fixing leads us to lose general covariance. It turns out that this component plays the role of g zz in the emergent gravity description [20] [21] [22] , where z is the coordinate of an emergent extra-dimensional space and g zz is the metric tensor of this emergent space. Now, we perform the gradient expansion in S
′ +µ for both background metric and U(1) gauge fields with respect to the uniform mass µ [28, 29] . Then, we obtain their effective kinetic-energy terms in the partition function as follows
Here, C Λ denotes vacuum energy, identified with a cosmological constant. R x is Ricci scalar to give the kinetic energy for the metric tensor and C R is a positive constant. −C Λ + C R R x is nothing but the Einstein-Hilbert action in D spacetime dimensions, known to be the notion of induced gravity [28, 29] . F µνx F µν x is the Maxwell action for the U(1) gauge field a µx and C F is a positive constant. C Λ , C R , and C F decrease as the bare mass m of Dirac spinor fields increases. A RR x , A F F x , and A F R x represent possible anomaly terms involved with gravitational curvature, electromagnetic field strength, and their mixing, respectively. Here, we show symbolic expressions only to point out the possibility of their appearances. Definitely, more detailed investigations are required in separate publications. G xx ′ is the Green's function of the heavy Dirac spinor, given by
The above partition function is the result of the first renormalization group transformation.
D. Recursive renormalization group transformations
To perform the second renormalization group transformation, we keep all terms up to the linear order in dz, given by
Here, the superscript (0) has been introduced into all dynamic field variables in the partition function, meaning "unrenormalized" quantum fields. Accordingly, the Green's function is given by
which is the order of dz.
To implement renormalization group transformations in a recursive way, it is necessary to rewrite the above effective action in the same form as the original expression of the Dirac Lagrangian, where both vierbein and U(1) gauge fields have to be updated, clarified soon. First of all, we take the leading order in the gradient expansion for the Green's function, where higher order derivatives are with higher powers of dz, thus safely neglected in the dz → 0 limit. We call this locality approximation. Within the locality approximation, the partition function is given by
where the subscript of x has been omitted without confusion.
Focusing on the linear order of dz in the kinetic-energy term of Dirac spinor fields, our object is to reformulate the kinetic-energy term as follows
It turns out to be straightforward finding the updated vierbein and U(1) gauge fields in the leading order of dz. They are given by
and
respectively. These solutions are verified in the dz → 0 limit. As a result, we reach the following expression of the partition function after the first renormalization group transformation
Here, θ a(1) µ and j µ(1) are Lagrange multiplier fields to impose each constraint of Eq. (22) and Eq. (23), respectively.
Based on the above discussion, it is now straightforward to implement renormalization group transformations in a recursive way. After the (f − 1)th renormalization group transformation, we obtain the following expression for the partition function
We emphasize again that this reformulation is verified in the dz → 0 limit. Hereafter, we set the local speed of coarse graining as
for simplicity. 
Here, we introduced changes in notations as
Physical ingredients in this partition function are clear. The background vierbein e µ a (x, 0) =ẽ µ a (x) and electromagnetic U(1) gauge field a µ (x, 0) = A µ (x) evolve along the extra dimensional space, governed by
respectively, and resulting from renormalizations by matter fluctuations, here Dirac fermions. The bulk Green's function is
As a result, a fully renormalized vierbein field appears into the IR effective action
to describe all possible renormalizations such as field renormalization, mass renormalization, and interaction renormalization (not here but below). This evolution equation for the vierbein field plays essentially the same role as renormalization group β−functions. On the other hand, the evolution equation of the U(1) gauge field may be regarded as a Callan-Symanzik equation for the conserved U(1) current in the dual description.
III. EMERGENT DUAL HOLOGRAPHIC DESCRIPTION IN THE PRESENCE OF INTERACTIONS
We consider correlations between Dirac fermions in the following way
Here,ĵ µ andθ a µ are conserved electromagnetic U(1) current and energy-momentum tensor, minimally coupled to background electromagnetic U(1) gauge and vierbein tensor fields, respectively. λ j and λ θ are coupling constants for such local interactions.
Repeating essentially the same procedure [24, 25] as discussed in the previous section, we obtain a dual holographic Einstein-Maxwell theory
Here, the UV action is
where both quadratic-order terms result from Gaussian integrals of two conserved currents, j µ and θ a µ , dual to U(1) gauge and vierbein fields, respectively. The IR boundary action is given by
where renormalized values of both U(1) gauge and vierbein fields enter the Dirac Lagrangian in the large N limit, to be discussed below in more details. In this case renormalization group β-functions to determine such renormalized values are given by IR boundary conditions, where the linear derivative in z appears from the bulk effective action by the technique of integration-by-parts. For the gravity sector, this boundary term is referred to as a Gibbons-Hawking-York term [30, 31] . The bulk effective action is an Einstein-Maxwell type theory
The crucial difference from the case of the free Dirac theory is that derivatives in the extra dimensional space are in the second order, also resulting from interaction-induced quantum fluctuations. As a result, both vierbein and U(1) gauge fields are now fully dynamical. In other words, we may say that global symmetries are uplifted into local ones, consistent with the holographic duality conjecture, even if this bulk effective action is a gauge-fixed version and those gauge symmetries are explicitly broken by gauge fixing. We recall g zz = e a z e b z δ ab = 1, given by the globally uniform speed of coarse graining, i.e., α(x, z) = 1. We point out that there is an additional gauge choice, giving rise to g µz = e a µ e b z δ ab = 0 with µ = 0, ..., D − 1 in this effective bulk action. This gauge freedom originates from the invariance of the partition function with respect to D−dimensional diffeomorphism after the renormalization group transformation with dz [20] [21] [22] . Furthermore, we have the gauge choice of a z = 0 in the Maxwell dynamics. A fully covariant formulation has been constructed in the absence of U(1) gauge fields, where D−dimensional Einstein-Hilbert action is uplifted into (D + 1)−dimensional Einstein-Hilbert one via recursive renormalization group transformations [20] [21] [22] . It is interesting to observe that quantum fluctuations are suppressed for both vierbein and U(1) gauge fields in the large N limit. Integrating over the Dirac spinor fields in the IR boundary action and performing the gradient expansion for both IR-boundary vierbein and U(1) gauge fields with respect to the mass of Dirac fermions [28, 29] , we obtain an effective free-energy functional, given by
Here, C f , κ f , and Λ f are defined in the same way as the previous section. This concludes our derivation for a dual holographic Einstein-Maxwell theory from the quantum field theory of interacting Dirac fermions. One may ask the origin of non-perturbness in this emergent dual holographic description. Although the renormalization group flows for both vierbein and U(1) gauge fields, given by the above effective free-energy functional, look similar to those of the free Dirac theory, these evolution equations have a complex intertwining structure between the vierbein and U(1) gauge fields [25] . An essential ingredient seems to be that interactions promote both vierbein and U(1) gauge fields to be fully dynamical, where their dynamics are described by the second-order differential equations in the extra dimensional space. In particular, the Green's function is determined by both the vierbein and U(1) gauge fields beyond the free Dirac theory, and it is introduced into the second-order differential equations as a kernel for the dynamics. This nonlinear intertwining renormalization would be responsible for the non-perturbative physics.
The remaining task is to solve the modified Maxwell equations coupled to the modified Einstein equations with both UV and IR boundary conditions, all of which are derived from this effective free-energy functional. Certainly, this is not an easy work. First of all, we have to determine the background geometry under effects of U(1) electromagnetic currents, given by the Maxwell-type equations and resulting from effective interactions between conserved U(1) currents. Then, we should consider weak perturbations around the resulting background solution and express such fluctuations of both vierbein and U(1) gauge fields in terms of external electromagnetic fields and temperature gradients. Finally, we obtain an effective on-shell action in terms of such external source fields. Taking derivatives for the effective on-shell action with respect to external electromagnetic fields and temperature gradients, we find correlation functions of electromagnetic U(1) currents and energy-momentum tensors, which correspond to electrical, thermal, and thermoelectrical transport coefficients. Here, the question is how we can understand the emergence of effective hydrodynamics in this gravity reformulation with several modifications. This requires further investigations near future.
IV. CONCLUSION
The holographic duality conjecture describes the holographic liquid in terms of both Maxwell and Einstein coupled equations with an extra dimension. These coupled equations in the extra dimension may be regarded to be a dual description for conserved U(1) currents and energy-momentum tensors in effective hydrodynamics, where the disappearance of quasiparticles would be realized by strong renormalization effects along the extra dimension. In this study, we tried to construct a microscopic foundation for this holographic-liquid phenomenology.
We applied renormalization group transformations a la Polchinski in real space and in a recursive way a la Sung-Sik Lee to interacting Dirac fermions in the presence of both background metric or vierbein and external electromagnetic U(1) gauge fields. Besides detailed mathematical derivations, it turns out that both external source fields minimally coupled to conserved currents are uplifted to be dynamical and are forced to renormalization-group flow along the emergent extra dimension. In other words, global symmetries of quantum field theories turn into gauge symmetries through the renormalization group flows of the boundary source fields in the extra dimensional space. As a result, we obtain an effective Einstein-Maxwell theory in (D + 1) spacetime dimensions from the quantum field theory of interacting Dirac fermions in D spacetime dimensions. IR boundary conditions self-consistently determined within this effective field theory serve as renormalization group β−functions for all types of interaction vertices including field renormalization.
It is natural to expect that our microscopically derived Einstein-Maxwell theory would show the holographicliquid phenomenology. However, we point out that there exist additional evolution terms to modify that of the conventional holographic setup. In this respect it is necessary to look at possible solutions more carefully and compare these results with recent experiments near future. In addition, we emphasize that our derivation or construction has not been performed in a covariant way. It is also important to develop a covariant formulation in our opinion.
